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Subscripts
inner cylinder
2 outer cylinder
P perturbation
X x-component
r r-component
6 f#-component
oc  condition at infinity.

1. Introduction

The study of buoyancy-induced flow and heat transfer
in concentric cylindrical annuli is quite important due to
it's numerous applications in energy conservation, energy
storage, and energy transmission such as nuclear reac-
tors, thermal storage systems, electric transmission cables
and electronic component cooling. In most of the earlier
theoretical and experimental studies, a two-dimensional
(2-D) model was used, in which convection could be
assumed to be only within the transverse plane owing to
the infinite length of the annulus. A full 3-D analysis was
necessary for an annulus with finite axial length, since
the viscous shearing effects at the axial end wall had to be
accounted for. Vafai and Ettefagh [1] presented a com-
prehensive literature survey of 3-D buoyancy-driven flow.,

Nishimura et al. [2] presented the results of numerical
studies done for the reduction of natural convection heat
transfer in a horizontal porous annulus heated at the
inner surface. They investigated the effect of azimuthal
partitions and found that an increase in the number of
partitions resulted in a considerable reduction in the heat
transfer rate. For a single partition, its position in the
annular gap was found to have a negligible effect on the
reduction in the heat transfer rate. Hasnaoui et al. [3]
carried out a 2-D numerical investigation to study the
effect of buoyancy on the fluid flow and heat transfer
characteristics between a horizontal cold surface and an
infinite array of open cavities heated from below. The
symmetry of the flow field, which existed for the case
of unbounded flow above the cavities, was found to be
destructible due to the presence of an upper wall. At low
Ra, steady symmetric two-cell patterns were observed,
which gave way to asymmetric patterns at higher Ra.
With further increase in Ra, the flow field was found to
be periodic before becoming chaotic at very high Ra.

Kwon et al. [4] did a 2-D numerical and experimental
study of buoyancy-induced flow and heat transfer in the
annulus between horizontal cylinders with three equally
spaced axial spacers and found that the natural con-
vection heat transfer was 3-20% less than that for an
annulus without the spacers. The heat transfer rate across
the annulus was found to be strongly dependent on the
location and the thermal conductivity of the spacers with
areduction in the natural convection heat transfer rate by
as much as 20% below that for an unobstructed annulus.

Zhang et al. [5] did an experimental study to investigate
the laminar natural convection heat transfer and fluid
flow in the horizontal annular region between a cylinder
and an inner concentric octagonal heated cylinder. They
investigated two cases of the octagonal cylinders: one
with a complete surface and the other with horizontal
slots on the top and bottom surfaces. The overall heat
transfer rate was found to be enhanced by as much as
74% for the slotted case while it was found to be slightly
lower than that in a cylindrical annulus for the unslotted
octagon. Lai [6] numerically studied the effect of three
radial baffle designs, i.e. full baffles, partial inner baffies,
and partial outer baffies, on the effectiveness of pipe insu-
lation. The 2-D analysis revealed that the effectiveness of
the insulation improved with radial baffles. At high Ra,
instability was found to occur in the flow and temperature
fields. Partial baffles, were, in general, found to be more
effective than full baffles.

However, to the best of the authors knowledge, very
few studies concerning the effect of different geometric
modifications to the concentric cylindrical annuli have
been undertaken. The only other study which addresses
the above issue was by Iyer and Vafai [7], in which the
effects of a single geometric perturbation on the 3-D
buoyancy-driven flow and heat transfer in an annular
cavity with impermeable end walls was analyzed. In their
work, the general patterns and detailed features of the
flow and heat transfer in the annulus were presented.
Considerable deviation for the co-axial double helical
pattern of the cylindrical annulus without any per-
turbation was observed in the flow field, and the overall
heat transfer rate was found to increase considerably,
Their work clarified the effect of some key geometric
parameters of a single perturbation, such as, the lengths
in the axial and radial directions, the axial position of the
perturbation in the annulus and that of the gap-width
between the cylinders, and a correlation was developed
to characterize the overall heat transfer behavior.

In the present work, the effects of multiple geometric
perturbations on buoyancy-driven flow in an annular
cavity are analyzed and the flow structures corresponding
to these different cases are discussed. It was found that
the flow field evolved from the entrainment of flow by
the heated vertical portion of the perturbation, and quali-
tative similarity was seen in that the introduction of each
additional perturbation altered the flow field in a regular
manner. It was observed that with the introduction of
multiple perturbations, the overall heat transfer rate
increases substantially.

2. Formulation
2.1. Physical model and assumptions

In the current study, natural convection heat transfer
in a horizontal cylindrical annulus with different number
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of geometric perturbations on the inner cylinder were
investigated. Figure 1 shows the four cases, which
included those with one, two, three, and four geometric
perturbations on the inner cylinder. In addition to these
four cases, additional cases were studied to establish the
trend for the effects of multiple geometric perturbations.
The axial length of the cylinder is taken as 4.0 and that
of each perturbation as 0.2. The perturbations are sym-
metrically placed on the inner cylinder of the annulus.
The flow is expected to be symmetric with respect to the
vertical circumferential plane. This point was verified in
our computational simulations. The physical model and
coordinate system used in the present study can be typi-
fied by Fig. 2.

In the analysis, the thermophysical properties of the
walls and the fluid are assumed to be independent of
temperature except for the density in the momentum
equation, where the Boussinesq approximation is
invoked. The fluid is assumed to be Newtonian and
incompressible and the viscous dissipation in the fluid is
neglected.

It should be noted that in this work, Ra is defined on
the basis of (R,— R,) and not R,, where R, and R, are
inner, outer cylinder radii, respectively. If the Rayleigh
number was based on R,, it would result in a substantially
higher value of Ra [8]. The main objective of this work
is to establish the effect of multiple perturbations. As
such, the main flow field and heat transfer characteristics
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Fig. 1. Schematic representation of cases investigated.
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These five equations in terms of the five unknowns, viz.
u,, u,, uy, p and T along with the appropriate boundary
conditions fully describe the buoyancy-driven flow in the
annulus.

2.3. Boundary conditions

In the current section, for the sake of convenience, the
boundary conditions are defined for the annulus with a
single perturbation. The boundary conditions for the
other cases in the present study are defined in a way
which is similar to that presented in this section.

Across the vertical symmetry plane, there is no fluid
flow and also no heat transfer. The left and right end
walls are assumed to be insulated. The surfaces of the
inner cylinder and that of the perturbation are main-
tained at a constant non-dimensional temperature of
unity while that of the outer cylinder is held at a constant
non-dimensional temperature of zero. On all rigid and
impermeable surfaces, the three components of velocity
are zero. The boundary conditions are summarized
below :

(1) For the left end wall

R
Atx=0 and -L*<r<i,

.

= (). C)]

T
u, =u, =ty =0, ——
cx

(2) For the right end wall

R
At x = L2 and o <r<l
R,
¢
U, = U, = Uy = ()’ — = 0. (10)
cX

(3) For the vertical symmetry plane

=0 and 0=180
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(4) For the curved surface of the inner cylinder

L, (Litle) L
R’ R, o R,

R
Atr:;;I and 0<x<

T,-T,
u, = u, = uy =0, T=‘“T:~T‘ = 1. (12)
(5) For the vertical surfaces of the perturbation
L Li+Ly R R
Atx = —R'; ﬂ(__]Rz ) and kf <r< 71?:'
T,—-T,
U, = U, :M()=0, T = f:—__—T:‘——l (13)
(6) For the curved surfaces of the perturbation
R, L, (L, +Lyp)
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(7) For the curved surface of the outer cylinder

R, L,
Atr=—== P X < =
r R I and O0<x< R
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2.4. Numerical scheme and computational details

The coupled nonlinear system of governing equations
along with the boundary conditions described above were
discretized using the Galerkin method of weighted
residuals, the details of which can be found in ref, [11].
The segregated solution algorithm, in which the global
system matrix is decomposed into smaller submatrices is
used to solve the system of equations. The use of this
method results in a considerable reduction in storage
requirements as compared to that for the global system
matrix.

Considerable numerical experimentation was done in
order to obtain a grid-independent solution. In the com-
putation. the entire axial length of the annulus was con-
sidered, while only half the annulus in the circumferential
direction was considered due to the expected symmetry.
A number of numerical experiments were also done to
verify the circumferential symmetry. For all the cases
considered in the current study, satisfuctory grid-inde-
pendent solutions were obtained by using about 50 000
elements.

3. Flow and heat transfer results
3.1 Fhad flow

3.1.1. Background

Natural convection in the annulus between horizontal
concentric cylinders of finite axial length has been studied
extensively and has revealed the presence of a 2-D cres-
cent shaped vortex. The annulus with a finite axial length
necessitated 3-D analysis to account for the viscous shear-
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ing effects at the end walls. Vafai and Ettefagh [1], Takata
et al. [9], and Ozoe et al. [10] obtained a co-axial double
helical pattern in which a given fluid particle introduced
at one end of the annulus approached the central region
of the annulus drawing a small crescent-shaped vortex,
turned around at the mid-axial location and returned
towards the end that it started from by drawing a larger
crescent-shaped vortex outside the smaller one.

Iyer and Vafai [7] presented the 3-D flow-field in a
cylindrical annulus of finite axial length in which a single
geometric perturbation was introduced on the inner cyl-
inder. Considerable changes from the co-axial double
helical flow pattern were observed in the flow field with
the introduction of the geometric perturbation. The
essential feature of the flow field involved the entrainment
of fluid by the heated vertical surface of the perturbation.
This entrained fluid would move towards the axial sym-
metry plane, where, it would turn around and return
towards the end wall. It was found that the bulk of the
flow returned towards the end wall through the upper
circumferential half of the annulus. Also, as in the case of
an annulus without a perturbation. the viscous shearing
effects at the end wall produced counterclockwise and
clockwise rotating cells in the circumferential symmetry
plane region of the left and right end walls, respectively.

3.1.2. Flow field description

In order to understand the nature of the flow field with
the introduction of multiple perturbations on the inner
cylinder, a systematic approach was adopted. The
approach involved careful scrutiny of the velocity vectors
at numerous axial planes along the annulus with a view
to physically visualize the entire flow field. For brevity,
the flow field description is presented only for the first
four cases. The flow fields for all the six cases were found
to be qualitatively quite similar, and the introduction of
each additional perturbation was found to alter the flow
field in a regular and recurring manner. Another feature,
which is common to all the six cases, is that, most of the
interesting and noteworthy aspects of the flow field are
found to be concentrated in the vicinity of the upper half
of the circumferential symmetry plane. Hence, it was
found that the velocity vector field in the circumferential
symmetry plane, as shown in Fig. 3, will succinctly cap-
ture the essential features of the flow field.

As was the case for the annulus with a single pertur-
bation, the flow field is seen to evolve from the entrain-
ment of flow by the heated vertical portion of the per-
turbation. For the annulus with two perturbations, the
rising fluid from either vertical side of the perturbation
meet in the upper portion of the annulus near the cir-
cumferential symmetry plane causing a local stagnation
zone. However, for the annulus with three perturbations,
the above feature is seen prominently only for the cen-
trally located perturbation. For the annulus with four
perturbations, no stagnation zones are seen in the

immediate vicinity of the perturbations. However, in the
region between the two perturbations, the strength of the
flow field is seen to be very weak.

A look at the velocity vector plots in the cir-
cumferential symmetry plane suggests that the flow field is
very strongly three dimensional; hence a 2-D assumption
will not suffice at any axial cross-section of the annulus

3.2. Heat transfer

3.2.1. Background
The local Nusselt numbers for the inner and the outer
cylinders are given by

WD, (D, hD, (D
Nu|=—]~—lln( ) and  Nu, = — 21n<——2) (16)

2k D, 2k D,

where A, and h, are the local heat transfer coefficients on

the inner and the outer cylinders and are, respectively,

given by

__ Gwi 4
(T) —T3) (T, —Ty)

where g, and g,, are the heat fluxes per unit area for the

inner and the outer cylinder surfaces, respectively.
These non-dimensional heat fluxes are given by

T

A
(&)

h and h, = (17)

4. (18)
where n denotes the normal pointing outwards from the
surface over which the Nusselt number is to be calculated.

On the curved surface of the perturbation, the Nusselt
number is given by

1 (DT, (D, »
Neo =773\ 2% ) an ™\ D, (19)

and the average Nusselt number over a surface area is
given by

1 feT
Nu = AJ_dA. (20)

3.2.2. Local Nusselt number distribution

Figures 4 and 5 show the local Nusselt number dis-
tribution on the inner and outer cylinders, respectively,
for four of the cases investigated in the current study.
The local Nusselt number is plotted as a function of the
circumferential and axial coordinates at a Ra of 10* over
half the axial length of the annulus due to the observed
symmetry. This symmetry condition was confirmed
through the computational results. It must be noted that
the variations of the local Nusselt number on the inner
cylinder for the four cases represent the variations on the
unperturbed curved surface of the inner cylinder and the
surface of the geometric perturbation. The discussion of
the Nusselt number distribution for the different cases
has been subdivided into two sections viz., for the inner
cylinder and that for the outer cylinder.
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Fig. 3. Velocity vectors in the angular symmetry plane.
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Fig. 4. Local Nusselt number distribution at Ra = 10* on inner cylinder for annulus with (a) one, (b) two, (c) three, and (d) four
geometric perturbations corresponding to cases 1-1V of those shown in Fig. 1.

3.3. Inner cylinder

It can be seen from Fig. 4 that the local Nusselt number
distributions on the inner cylinder are qualitatively simi-
lar for the four cases. The Nusselt number increases
steadily from a low value in the upper circumferential
region to a higher value in the lower circumferential
region. A comparison of the local Nusselt number dis-
tributions on the inner cylinder for the four different cases
reveals that the inclusion of each additional perturbation

produces basically the same effect. In the vicinity of the
vertical surface of the perturbation, the flow undergoes a
reversal after striking the vertical surface of the per-
turbation causing a significant reduction in the flow vel-
ocity in this region, which in turn causes a reduction
in the local Nusselt number. In the region above the
perturbation, the local Nusselt number was again seen to
increase steadily from a lower value in the upper cir-
cumferential region to a higher value in the lower cir-
cumferential region.
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Fig. 5. Local Nusselt number distribution at Ra = 10* an outer cylinder for annulus with (a) one, (b) two, {¢) three, and (d) four
geometric perturbations corresponding to cases I-1V of those shown in Fig. L.

3.4. Outer cylinder

As for the inner cylinder, the local Nusselt number
distributions on the outer cylinder for the four cases are
also qualitatively similar. As expected, the local Nusselt
number increases from the bottom to the top of the
annulus due to the impinging flow field near the top of
the outer cylinder. A feature common to all the four cases
is the crest near the end wall, which is due to the viscous
effects of the end wall, and was also observed for the
annulus without any geometric perturbation. As was dis-
cussed in lyer and Vafai [7], for the annulus with a single
perturbation, a crest is seen in the axial location cor-
responding to the region near the top of the cir-
cumferential symmetry plane, where the rising entrained
fluid impinges on the outer cylinder (Fig. 3). The decrease

in the local Nusselt number as the axial symmetry plane
(x = 2.0) is approached can be attributed to the stag-
nation zone formed above the perturbation in the upper
circumferential region of the annulus near the cir-
cumferential symmetry plane. Physical explanations on
essentially the same lines as above can be provided to
explain the crests and troughs seen in the other three
cases. In other words, the distributions of the local Nus-
selt number on the outer cylinder for all the cases con-
sidered in the current study can be closely associated to
the corresponding flow fields near the circumferential
symmetry plane, as depicted in Fig. 3.

3.4.1. Overall heat transfer behavior
In order to assess the influence of the multiple per-
turbations on the overall heat transfer behavior, the aver-
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age Nusselt number characteristics are analyzed. Figure
6 shows the average Nusselt number as a function of Ra
for the six cases investigated in the current study. As it
can be seen, considerable heat transfer enhancements can
be obtained with the inclusion of additional per-
turbations on the inner cylinder of the annulus. The
results can be well correlated by the following equation:

Nu=0.71Ra"'(1+0.12P) (21)

where P refers to the number of perturbations on the
inner cylinder. The above correlation is valid for
10° < Ra < 10* and 1 < P < 6. It is evident from Fig. 6
that the rate of increase of the average Nusselt number
with the number of perturbations decreases with an
increase in the number of perturbations. For a given axial
length of the perturbation and the annulus, the increase
in the average Nusselt number with the number of per-
turbations is expected to occur up to a certain limit.

3.5. Effect of geometric variations

In a previous work (lyer and Vafai [7]), the influence
of key geometric parameters on the heat transfer per-
formance was thoroughly investigated. The geometric
parameters which were considered included the lengths

of the perturbation in the axial and radial directions, the
axial position of the perturbation in the annulus, and the
gap width between the inner and the outer cylinders. It
was observed that at any given Rayleigh number, the
average Nusselt number increased with an increase in the
axial and radial lengths of the perturbation, the effect
being more prominent at lower Rayleigh numbers. With
an increase in the gap width between the inner and the
outer cylinders, the average Nusselt number was seen to
increase. These geometric parameters are expected to
have approximately a similar influence for the case of
multiple perturbations. The results from the previous
study (lyer and Vafai [7]) were combined with those from
the current study to yield an approximate correlation, in
an attempt to capture the effects of the Rayleigh number,
the axial and radial lengths of the perturbation, and also
that of the number of perturbations. This approximate
correlation is given as
Nu = 0.33Ra"'(14+0.787%)(1 +2.75x*)(1+0.08 P)

(22)
In the above correlation, r* is the dimensionless length
in the radial direction, and is defined as the ratio of the
height of the perturbation to that of the gap width of the
annulus. The dimensionless length in the axial direction,

Average Nusseit number

10 L

Ra

Fig. 6. Average Nusselt number for the six cases.
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x* is defined as the ratio of the axial length of the per-
turbation to that of the entire annulus.

4. Conclusion

In this work, buoyancy-induced flow and heat transfer
in a cylindrical annulus with multiple perturbations on
the inner cylinder has been investigated. Detailed analy-
ses of the flow field structures corresponding to these
different cases showed that the flow field evolved from
the entrainment of flow by the heated vertical portion of
the perturbation and qualitative similarity was seen in
that the introduction of each additional perturbation alt-
ered the flow field in a very regular manner. The heat
transfer characteristics were also examined for the differ-
ent cases and qualitative similarity in the local Nusselt
number distributions were observed too. For all the cases
considered in the present study, the local Nusselt numbers
were found to be closely associated to the corresponding
flow fields. Considerable enhancements were seen in the
overall heat transfer rate with the introduction of mul-
tiple perturbations. The average Nusselt numbers for the
different cases could be correlated as Nu = .71 Ra"!
(1+0.12P), where P refers to the number of per-
turbations on the inner cylinder.
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